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 By means of a new canonical transformation for the one-band Hubbard model at half filling we show the 
existence of Cooper pairs formed by strongly interacting quasiparticles. 
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One of the properties of HTSC1 not yet fully understood is the existence of Cooper pairs at temperature higher 
than the critical temperature2. The Hubbard model attracts the attention of scientific community because of its 
possible connection to properties of HTSC3. A vast amount of literature is dedicated to the Hubbard model4, in 
particular to studying its properties by means of a canonical transformation5.  
We start from a two-dimensional one-band Hubbard model6 with Hamiltonian 
.                                                              (1) 
In Eq. (1) t is a hopping integral for the nearest sites, U describes on-site Coulomb repulsion, numerates 
sites of a square lattice, is a lattice vector; are creation (annihilation) Fermi-operators for an 
electron at the -th site with spin projection ± ½; and periodic boundary conditions are applied. For 
convenience, we set the lattice constant, the Boltzmann’s constant, and the reduced Planck’s constant equal to 
unity. We divide the lattice into two sublattices; let us call the sites “odd” when x + y = odd number, and “even” 
otherwise.  
We apply to the Hamiltonian (1) the canonical transformation (2) to new Fermi operators   
odd sites:  ;       ;     (2a) 
even sites: ;       ;    (2b) 
;                             (2c) 
.                           (2d) 
In Eq. (2) p = (px, py) and runs over all the values in the first Brillouin zone; N is the number of sites; Hermitian 
conjugates are omitted. 
Positive functions up and vp are even in momentum space and satisfy the condition  
.                                                                                                                                   (3) 
When applying transformation (2) to the Hamiltonian (1), the result is 
               (4) 
Term V in Eq. (4) represents the part which is not diagonal with respect to , and ; 
 in Eq. (4) and Eq. (5) but represents Fermi occupation numbers 0 or 1 in (6b). 
Transformation (2) leads to the number of electrons 
.                                                                                                       (5) 
To obtain self consistent equations for the energy spectrum and equilibrium distribution of quasiparticles we 
follow the well known variational procedure7; i.e., we neglect in Eq. (4) the non-diagonal term V and minimize 
the grand potential of the system, first with respect to up and vp  holding condition (3), and second with respect to 
 to define energy spectrum . 
For case  (which is the only case we consider below) we automatically have a half-filling 
situation, Ne = N. Energy levels E, chemical potential µ, energy spectrum and equations for functions up 
and vp can be written as 
;          ;             ;               ;                (6a) 
;            ;                (6b) 
;                     ;               ;                                      (6c) 
;                .                                                       (6d) 
To satisfy equations and conditions (6a) – (6d) we have , , and 
;     ;     ;        (7a) 
;                         .                               (7b) 
Apart from BCS theory8 quasiparticles described by operators exist at T = 0 (  for  and 0 
otherwise). The ground state energy includes the energy of quasiparticles for momenta with ;  
; in a case of strong coupling Δ0 ~  for the ground state energy we find , 
which is in a qualitative agreement with other results9. The Fermi surface at a half filling is given by a square with 
the vertexes at (0, ±π) and (±π, 0) ( for the momenta inside of the square).  
From Eq. (6) and (7) we find that parameter Γ = 0 at all temperatures, and for a strong coupling case 
with we obtain 
.                                                                                                                                         (8) 
Equation (8) has a solution only for . When ,  Δ = 0 but quasiparticles still exist with , 
and have a Fermi level at Ωp = 0. 
The non-diagonal term V in Eq. (4) describes interactions between quasiparticles. Since quasiparticles have a 
Fermi level, if the interactions are effectively attractive, the ground state of the system has an instability relative to 
forming Cooper pairs between quasiparticles. 
This last notion makes us reflect on similarities between quasiparticles in the Hubbard model and electrons in 
BCS model. 
Let us assume that, like electrons in BCS theory, in the vicinity of the Fermi level quasiparticles experience 
effective attraction (this is the fundamental hypothesis for the following analysis). In this case we can write an 
effective Hubbard Hamiltonian essentially in the form of a BCS Hamiltonian with the energy spectrum εp 
provided in Eq. (7b)  
.                                                          (9) 
with , and G > 0. 
The mathematics for Hamiltonian (9) is identical with the mathematics for BCS Hamiltonian, and we can write 
the new excitation spectrum Ωp and the equation for gap D as 
;          ;              .                  (10) 
In a case of a strong coupling between quasiparticles when D ~ , Eq. (10) leads to an equation 
  ;            .                                                                                   (11) 
For , Δ≠0, and solution (11) exists only if . At T → 0 condition  leads to 
condition , which means the effective interaction between quasiparticles has to be strong. 
Equation (11) has a solution only for . When temperature is above  quasiparticles exist but do not 
form Cooper pairs. For large values of parameter  and for temperatures gap D exists and strongly 
interacting quasiparticles (not weekly interacting electrons) form Cooper pairs. However, when temperature 
the second “gap” appears, which changes the relationship between electrons and quasiparticles 
( ). The physical nature of this evolution, its relevance to properties of HTSC (evolution of a “hidden 
Fermi liquid10”; transition to a superconductive state?), properties of the parameters of the model, and limits for 
the used approximations and hypothesis require furthermore investigation. 
_________ 
A simple and transparent model is presented with clear assumptions and apparent small parameters, which allows 
further generalization and verification. It is seen that ether the Hubbard model does not describe properties of 
HTCS (if similarly to the conventional superconductivity HTSC is a phenomenon of weekly interacting 
electrons), or superconductivity in HTSC should be described in terms of strongly interacting quasiparticles. 
Unfortunately, the term “quasiparticles” is rather ambiguous. When a theory starts from bare particles and than 
describes properties of a system in terms of dressed ones, those dressed particles/quasiparticles still have a close 
resemblance with the parent particles. Another situation is observed, for example, in BCS theory of 
superconductivity, where quasiparticles are actually “multi-particles”, but still “constructed” from original (maybe 
even dressed) particles. The behavior of the system with Hamiltonian (1) appears to be better understood in terms 
of “multi-particles” constructed from “multi-particles” constructed from electrons.  
The author expresses his gratitude to Oleksey Motrunich and Rachele Dominguez for the help in preparing this 
letter. 
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